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Abstract
We say that (a1, . . . , ak) is pairwise non-coprime if gcd(ai, aj) 6= 1
for all 1 ≤ i < j ≤ k. Let a1, a2, a3 be positive integers less than H.
We obtain an asymptotic formula for the number of (a1, a2, a3) that
are pairwise non-coprime. The probability that a randomly chosen
unbounded positive integer triple is pairwise non-coprime is approxi-
mately 17.4%. We also give an upper bound on the error term in an
asymptotic formula for
∑H
n=1(ϕ(n)/n)
m for m ≥ 2 and as H →∞.
1 Introduction
The result regarding the probability that two positive integers are coprime
is well-known (see, for example [4, Theorem 332]). Nymann [9] gave the
following result:
∑
1≤a1,...,ak≤H
gcd(a1,...,ak)=1
1 =
Hk
ζ(k)
+
{
O(H logH) if k = 2,
O
(
Hk−1
)
if k ≥ 3,
(1)
where ζ(k) is the usual Riemann zeta function. This naturally leads to
enumeration of k-tuples with pairwise coprimality. To´th [11] showed that∑
1≤a1,...,ak≤H
gcd(ai,aj)=1
i 6=j
1 = ϑ(k)Hk +O(Hk−1 (logH)k−1), (2)
1
where
ϑ(k) =
∏
p prime
(
1−
1
p
)k−1(
1 +
k − 1
p
)
.
In this paper we enumerate the number of triples of maximum height H that
are pairwise non-coprime. Let
Nn(H) =
∑
1≤a1,...,an≤H
gcd(ai,aj)6=1
1≤i<j≤n
1.
Our main result is the following.
Theorem 1. Suppose H is a positive integer. Then
N3(H) = ρH
3 +O
(
H2 (logH)2
)
,
where
ρ = 1−
3
ζ(2)
+ 3
∏
p prime
(
1−
2p− 1
p3
)
−
∏
p prime
(
1−
3p− 2
p3
)
.
According to Moree [8, Page 9], Freiberg [3] gives a result for the proba-
bility that three positive integers are pairwise non-coprime.
2 Notation
As usual, for any integer n ≥ 1, let ω(n), ϕ(n) and τ(n) be the number of
distinct prime factors, the Euler totient function and the number of divisors
of n respectively (we also set ω(1) = 0).
We recall that the notation f(x) = O(g(x)) is equivalent to the assertion
that there exists a constant c > 0 such that |f(x)| ≤ c|g(x)| for all x. The
notation f(x) = o(g(x)) is equivalent to the assertion that
lim
x→∞
f(x)
g(x)
= 0.
Finally, we use (a, b) to represent gcd(a, b).
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3 Preparatory Lemma
Kac [6] attributes to I. Schur the following result. For m ≥ 2,
lim
H→∞
1
H
H∑
n=1
(
ϕ(n)
n
)m
=
∏
p prime
(
1 +
(1− 1/p)m − 1
p
)
.
For Theorem 1 we require an upper bound on the error term in an asymptotic
formula for
H∑
n=1
(
ϕ(n)
n
)2
.
I thank an anonymous referee for pointing out that an upper bound on the
error term in the general case is known (see [2]) and that it has since been
improved (see for e.g. [1], [7]) using analytic tools. We provide a different
elementary proof to that of [2].
Lemma 2. Let m ≥ 2. We have
H∑
n=1
(
ϕ(n)
n
)m
= H
∏
p prime
(
1 +
(1− 1/p)m − 1
p
)
+O ((logH)m) .
Proof. Let m ≥ 2. Then
H∑
n=1
(
ϕ(n)
n
)m
=
H∑
n=1
∏
p|n
(1− 1/p)m
=
H∑
n=1
∏
p|n
(1 + f(p)) , (3)
where
f(n) =
{∏
p|n ((1− 1/p)
m − 1) if n is square free,
0 otherwise.
We will freely use the fact that
|f(n)| ≤
∏
p|n
m
p
=
mω(n)
n
.
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Returning to (3) we have
H∑
n=1
(
ϕ(n)
n
)m
=
H∑
n=1
∑
d|n
f(d)
=
∑
d≤H
f(d)
(
H
d
+O (1)
)
= H
∑
d≤H
f(d)
d
+O
(∑
d≤H
|f(d)|
)
. (4)
For the error term in (4) we note from [10, III.3 Theorem 6] that
H∑
l=1
mω(l) = O
(
H(logH)m−1
)
. (5)
Using (5) and partial summation the error term in (4) can given by∑
d≤H
|f(d)| = O ((logH)m) . (6)
For the main term in (4) we observe that∑
d≤∞
f(d)
d
is absolutely convergent since∑
d>H
∣∣∣f(d)
d
∣∣∣ ≤∑
d>H
mω(d)
d2
≤
∑
d>H
do(1)
d2
≤
∑
d>H
1
d2+o(1)
= H−1+o(1).
Thus ∑
d≤H
f(d)
d
=
∑
d<∞
f(d)
d
−
∑
d>H
f(d)
d
=
∏
p prime
(
1 +
f(p)
p
)
+O
(
H−1+o(1)
)
=
∏
p prime
(
1 +
(1− 1/p)m − 1
p
)
+O
(
H−1+o(1)
)
. (7)
Combining (4), (6) and (7) completes the proof.
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4 Proof of Theorem 1
It is clear that
N3(H) = H
3 −
∑
1≤a1,a2,a3≤H
(ai,aj)=1
for some 1≤i<j≤3
1.
Then using the inclusion-exclusion principle we have∑
1≤a1,a2,a3≤H
(ai,aj)=1
for some 1≤i<j≤3
1 =
∑
1≤a1,a2,a3≤H
1≤i<j≤3
∑
(ai,aj)=1
1−
∑
1≤a1,a2,a3≤H
1≤i<j<k≤3
∑
(ai,aj)=1
(aj ,ak)=1
1
+
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
(a2,a3)=1
1.
Using symmetry, we obtain
N3(H) = H
3 − 3
∑
1≤a1,a2,a3≤H
(a1,a2)=1
1 + 3
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
1−
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
(a2,a3)=1
1. (8)
Using (1), the first summation of (8) is given by∑
1≤a1,a2,a3≤H
(a1,a2)=1
1 =
H3
ζ(2)
+O
(
H2 logH
)
. (9)
Using (2), the third summation of (8) is given by∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
(a2,a3)=1
1 = ϑ(3)H3 +O
(
H2(logH)2
)
. (10)
It remains to express the middle summation of (8) as a multiple of H3
and a suitable error term. If we let
ϕ(n,H) =
∑
1≤a≤H
(a,n)=1
1, (11)
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then we have∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
1 =
∑
1≤n≤H
∑
1≤a2,a3≤H
(n,a2)=1
(n,a3)=1
1 =
∑
1≤n≤H
∑
1≤a3≤H
(n,a3)=1
1
∑
1≤a2≤H
(n,a2)=1
1
=
∑
1≤n≤H
ϕ(n,H)2. (12)
The following is well-known (or see [5, Lemma 4]),
ϕ(n,H) =
Hϕ(n)
n
+O
(
2ω(n)
)
,
and substituting into (12) we have,
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
1 =
∑
1≤n≤H
(
Hϕ(n)
n
+O
(
2ω(n)
))2
= H2
∑
1≤n≤H
(
ϕ(n)
n
)2
+O
(
H
∑
1≤n≤H
ϕ(n)2ω(n)
n
)
+O
( ∑
1≤n≤H
(
2ω(n)
)2)
.
(13)
Appealing to (5) we have
O
( ∑
1≤n≤H
ϕ(n)2ω(n)
n
)
= O
( ∑
1≤n≤H
2ω(n)
)
= O (H logH) , (14)
and also ∑
1≤n≤H
(
2ω(n)
)2
= O
(
H (logH)3
)
. (15)
Substituting equations (14) and (15) into (13) yields
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
1 = H2
∑
1≤n≤H
(
ϕ(n)
n
)2
+O
(
H (logH)3
)
. (16)
6
Using Lemma 2, setting m = 2, and substituting into (16) yields
∑
1≤a1,a2,a3≤H
(a1,a2)=1
(a1,a3)=1
1 = H3
∏
p prime
(
1−
2p− 1
p3
)
+O
(
H2 (logH)2
)
. (17)
Substituting (9), (10) and (17) into (8) completes the proof.
5 Comments
By using Theorem 1 we see that the probability that three randomly chosen
positive integers will be pairwise non-coprime is given by ρ ≈ 0.1742.
In this paper we have only considered N3(H). Our approach does not
seem particularly well suited to higher tuples (that is Nn(H) for n > 3). If
we examine (8) we observe that finding a suitable expression for N3(H) in-
volved 3 different summations. The expression of two of these summations as
a multiple of H3 with a suitably bound error term was provided by previously
known results. For N4(H) we have 10 summations (each summation corre-
sponds to one of the, up to isomorphism, 10 non-null undirected graphs of 4
vertices). Of these 10 summations 6 can be obtained by natural extensions
of the techniques in this paper. The remaining 4, namely∑
1≤a1,...,a4≤H
(a1,a2)=1
(a2,a3)=1
(a3,a4)=1
1,
∑
1≤a1,...,a4≤H
(a1,a2)=1
(a2,a3)=1
(a3,a4)=1
(a4,a1)=1
1,
∑
1≤a1,...,a4≤H
(a1,a2)=1
(a2,a3)=1
(a2,a4)=1
(a3,a4)=1
1 and
∑
1≤a1,...,a4≤H
(a1,a2)=1
(a1,a3)=1
(a1,a4)=1
(a2,a3)=1
(a2,a4)=1
1,
would appear to require different techniques.
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